We analyse the low-energy physics of nearly ferromagnetic metals in two spatial dimensions using the functional renormalization group technique. We find a new class of low-energy fixed point, at which the fermionic (electron-like) excitations are non-Fermi-liquid (z f = 7/6) and the magnetic fluctuations exhibit an anomalous Landau damping whose rate vanishes as Γq ∼ |q| 1/3 in the low-|q| limit. We discuss the physical nature of this fixed point, and highlight its possible applicability to experiments on UGe2 and related compounds.
Introduction. The problem of describing the lowtemperature behavior of metals close to a magnetic instability is now several decades old, and many experimental examples are available. These include the cuprate superconductors [1] , heavy fermion materials [2, 3] , and nearly ferromagnetic metals [4] . Among the phenomena observed in them are non-Fermi-liquid behavior of the conduction electrons, anomalous power laws in thermodynamic observables, and the emergence of new phases in the vicinity of the instability point. That point is commonly modelled by coupling fermions with a gapless Fermi surface (the electrons) to a massless boson (representing the magnetic fluctuations).
The distinction between an instability to ferromagnetism and an instability to antiferromagnetism is an important one, both experimentally and theoretically. For incipient antiferromagnets, the magnetic fluctuations are peaked at some non-zero wavevector Q, and typically scatter the electrons between certain 'hot spots' on the Fermi surface. This leads naturally to theories in which the Fermi surface is divided into patches. In the ferromagnetic case, however, the magnetic fluctuations are peaked at Q = 0, which implies strong forward scattering at every point on the Fermi surface. In this Letter we address the ferromagnetic version of the problem. This is a strong-coupling problem in two spatial dimensions, which is the case we shall concentrate on here.
A key obstacle to theoretical progress is that, due to the quantum-mechanical effects that prevail at such low temperatures, one cannot separate the static and dynamic properties of the system. To address this issue, Hertz put forward his theory of quantum criticality in the 1970s [5] . An important physical ingredient of the Hertz theory is Landau damping: the decay of magnetic fluctuations into quasiparticle-quasihole pairs. Hertz integrated out the fermions to produce a purely bosonic description of the quantum critical point [5, 6] : the boson propagator is modified by the Landau damping term in the expansion of the particle-hole bubble, enforcing a bosonic dynamical exponent z b = 3, and the critical point is reduced to a conventional scalar field theory. But the Hertz theory is unsatisfactory, as it assumes a Fermi-liquid form of the fermion propagator. In addition, more careful analyses suggest that multi-paramagnon interactions become singular, rendering a purely bosonic description invalid [5, 7] .
The failure of Hertz-type theories has motivated a concentration on theories that retain both the electronic (fermionic) and magnetic (bosonic) degrees of freedom in their low-energy description. Such a theory may be treated by the standard Wilsonian renormalization approach [8, 9] ; this results in a non-Fermi liquid fixed point in an expansion in ǫ = 3−d. However, this approach does not capture the onset of Landau damping, and thus gives physically incorrect results at low energies.
An alternative approach is the diagrammatic one, which proceeds by calculating the one-loop fermionic self energy using the Landau-damped propagator of Hertz theory. The one-loop dynamic self-energy scales as ω 2/3 [10] [11] [12] [13] , dominating the bare dynamic term ω in the lowenergy limit. Despite the fact that the procedure used to obtain this result is clearly not self-consistent, the ω 2/3 form of the self-energy was argued to be exact by Rech et al. [14] , via an Eliashberg approach which is controlled by a large-N f limit. However, Sung-Sik Lee [15] showed that a class of planar diagrams causes the large-N f methods to fail below a certain energy scale; this was confirmed by explicit three-loop calculations by Metlitski and Sachdev [16] . Thus, despite recent intensive work [17] [18] [19] [20] , the problem of fermions interacting with an overdamped bosonic mode remains unsolved.
In this work, we present a functional renormalization group (fRG) analysis of the ferromagnetic critical point, explicitly including Landau damping, using a method recently applied by Lee, Strack, and Sachdev to an antiferromagnetic quantum critical point in a lattice model [21] . Our approach relies neither on a patch method nor on a large-N f expansion [22] . As we shall show, fRG analysis of this model yields a new type of low-energy fixed point in which a non-Fermi-liquid electronic sector interacts with a peculiar type of overdamped magnetic excitation.
Flow equations. We begin with a model of fermions ψ with a circular Fermi surface, and couple these to a bosonic field φ via a Yukawa coupling g, giving the microscopic action
Herek ≡ |k| − k F describes the linearized dispersion of the fermions near the Fermi momentum k F , and m is the boson mass, which is set to zero since we work at criticality. We use the nota-
Note that we do not include any dynamics of the boson in the bare action (1); the dynamics will be generated via the interactions with the fermions.
Following the usual fRG procedure, we follow the flow of the generating functional of one-particle irreducible vertex functions Γ Λ R as the infrared scale Λ is reduced from Λ UV to zero [23] [24] [25] :
The generating functional Γ Λ . The regulator R Λ cuts off the infrared divergences in the fermionic and bosonic propagators; however, in order to capture the physics of Landau damping -which is generated only by low-energy fermions -we must follow Lee, Strack, and Sachdev [21] and set the fermionic regulator function to zero.
The fermionic matrix element of Γ
where Σ Λ f (ω, k) represents the fermion self energy. We will only be interested in the low energy behavior of the model and so will parameterize the self energy as
where the Fermi momentum has been kept fixed. We may use these parameters to calculate the renormalized Fermi velocity, v The flow of the fermion self energy, corresponding to the diagram shown in Fig. 1(a) , is given by
where
The bosonic matrix element of Γ
where we have used the regulator
is the bosonic self-energy. Since the fermionic regulator function has already been set to zero, the fermions naïvely give no contribution to the flow of the bosonic propagator. Hence, following Lee, Strack, and Sachdev, we must define Σ
where B Λ is the coefficient of the Landau-damping term in the low-frequency expansion, |Ω| ≪ v Λ f |q|, of the particle-hole bubble Π Fig. 1(b) . Since we use a lowfrequency expansion, the expression (7) should contain a step function restricting the self-energy to the lowfrequency regime. However, including it does not materially change our results, so we omit it for simplicity.
The flow of the Yukawa coupling g Λ is given by the diagram in Fig. 1(c) :
where we have set external frequencies and momenta to zero (k = 0 for fermions), i.e. we follow only the forwardscattering part of the vertex. The flow equations (5) and (8) 
Furthermore it will be useful to introduce the dimensionless variablesB
The anomalous dimension η Λ ω is determined by the scale-dependence of the correction to the iω term in the fermionic self-energy (4). This may be obtained by settingk to zero on the right-hand side of (5), taking an iω-derivative and the limit ω → 0:
q Ω
(11) Note that the integral in (11) depends on the scale only through the combination v
The function f (x) is monotonically increasing with the limiting values f (x → 0) = 0 and f (x → ∞) = 1/π 2 . Similarly, the anomalous dimension η Λ k is determined by the scale-dependence of the correction to thek term in the fermionic self-energy (4). This may be obtained by setting ω to zero on the right-hand side of (5) and then taking ak-derivative:
Again, the part in square brackets depends on the scale only via v Λ fB Λ . We note that thek derivative and the Ω integration do not commute; this is a consequence of setting the fermionic regulator function to zero. In terms of the function defined by (11), we find η
. The particle-hole bubble, Fig. 1(b) , determines the bosonic renormalization parameterB Λ :
Finally, we obtain the anomalous dimension of the Yukawa coupling, η Λ g , which -because of the structure of the diagrams shown in Fig. 1 -is precisely equal to minus the fermionic anomalous dimension at all scales, η (10), we derive the flow equation:
At the start of the flow,
The initial value ofg Λ does not matter, provided that it is nonzero; this is because, in the absence of the bosonic mass term, there are no relevant operators at the fixed point. It is worth noting that, according to (13) , a non-zerõ g ΛUV implies a non-zeroB ΛUV ; in other words, we need to include a small amount of Landau damping even in the bare action to get the flow started.
For a finite-coupling fixed point, the term in the brackets on the right-hand side of (14) must be zero, and hence the anomalous dimensions at the fixed point obey 1 = −2η g + η ω + η k . To determine them, we observe that -according to (13) -ifg Λ remains finite at the fixed point, v Λ fB Λ must diverge like Λ −1 . This means that we need only compute the limiting values of the right-hand sides of (11) and (12) as v Λ fB Λ → ∞. The result of these computations is that, at the fixed point,
2 , while η k = 0, which implies that
The scaling of the bosonic propagator follows from (13) and (15) , whence B Λ =B Λ Λ 2 ∼ Λ 1−ηω+η k . We interpret Λ as a momentum scale, so that B Λ ∼ |q| 1−ηω +η k . This yields a Landau-damping term of the form |Ω|/|q| ηω −η k , whence it follows that z b = 7/3:
The lack of a fermionic regulator in our approach results in an apparent ambiguity when one tries to determine the scaling form of the fermionic Green's function. One option would be to choose a scaling in which the fermionic and bosonic momenta scale together, as in [22] ; but in this calculation that appears to be a poor choice for at least two reasons. First, such a choice yields results that do not agree with the one-loop evaluation of the fermionic self-energy [11] when vertex corrections are neglected. Second, if we make that choice then the bosonic and fermionic frequencies scale differently as the fixed point is approached. This suggests that we should rather choose a scaling in which ω ∼ Ω ∼ Λ z b ; consistency then requires different scaling for the fermionic and bosonic momenta:k ∼ Λ 2 whereas |q| ∼ Λ. This scaling recovers the one-loop fermionic self-energy when vertex corrections are neglected, and furthermore is precisely the scaling that is used in patch theories [12, [15] [16] [17] [18] [19] . The resulting fermionic propagator has the followingk = 0 form at the interacting fixed point:
and the following form at zero frequency:
This leads to a fermionic dynamical exponent z f = z b /2 = 7/6. The scaling may also be characterised by a vanishing quasiparticle weight Z
and a vanishing Fermi velocity v
as Λ → 0. (17) and (18) demonstrate the non-Fermiliquid character of the fermions at the fixed point. A thermodynamic consequence of this is that, in the nonFermi-liquid regime above the quantum critical point, the specific heat capacity should depend on temperature as [26] . Note that there is no renormalization of the exponent ofk in (18) . It is known [11] that the one-loop fermionic self-energy calculated using a Landau-damped bosonic propagator and a Fermi-liquid fermionic propagator goes ask, in the light of which this result might have been expected.
In summary, the fermionic and bosonic dynamical exponents are given respectively by
Equations (16) (17) (18) (19) constitute the main results of this Letter. Discussion. To compare our results with the literature on this problem, we must extend them to the case in which the fermions come in a large number of flavors, N f . This extension is straightforward: N f appears only in those diagrams containing a fermion loop, so the only place in which it enters is in the determination of v Λ fB Λ . Since this is in any case infinite at the fixed point, altering the value of N f makes no difference to our results.
As mentioned above, the z f = z b /2 scaling that we have chosen matches that used in patch theories. However, to be forced to this scaling at the fixed point is not the same as assuming it from the beginning; our calculation begins with a full Fermi surface, not a set of patches. As a result we see low-energy behavior that is inconsistent with that obtained using a patch approach. In particular, the Landau damping of our bosonic propagator is unambiguously renormalized for any N f , unlike in a patch theory where one finds no corrections to the conventional |Ω|/|q| form. This is due to the importance, in our calculation, of the vertex correction ( Fig. 1(c) ): η g = −η ω at all stages in the flow, including at the fixed point.
For comparison with experiments, it would be helpful to know how robust the numerical values of our exponents are to extensions of the truncation scheme used for Γ Λ R . The most obvious term to include would be the bosonic mass: in our calculation this was set to zero throughout, but it should more properly be tracked during the flow. If we wish to include the possibility of superconductivity in the vicinity of the quantum critical point, analysing the effect of four-fermion interactions is also important. Lastly, there is the question of whether the multi-boson interaction vertices, neglected in this treatment, remain well behaved at the fixed point. Even if they do, we would expect them to alter the anomalous dimensions, and in particular to give a non-zero η k [16, 17, 22] .
A clear experimental prediction of our work is that the Landau-damping rate Γ q ∼ |q| 1/3 , rather than the usually expected Γ q ∼ |q|. This calls to mind the measurements taken some years ago on UGe 2 [27] and more recently on other similar compounds [28] , which appear to show a damping rate that does not extrapolate to zero in the |q| → 0 limit. At least two theories have been proposed [29, 30] in which it would not be expected to. However, our work suggests that the extrapolation should be done with a damping rate Γ q ∼ |q| α (with 0 < α < 1) rather than the conventional one. There are good reasons for writing a general α here. First, our analysis above is for the strict d = 2 limit; UGe 2 , while exhibiting some anisotropy in its resistivity [31] , is certainly a three-dimensional crystal. Second, it seems likely that improvements to our truncation scheme would change the theoretically predicted exponent even in the d = 2 case.
Finally, we discuss some of the implications of our work for the antiferromagnetic critical point. Our analysis above sheds some light on an unresolved issue in the paper by Lee, Strack, and Sachdev, viz. why z b = z f . The fact that the scaling of the bosonic self-energy is fully determined by the low-frequency expansion of the particle-hole bubble enforces z b = z f at the antiferromagnetic fixed point. This is a trivial variation of our argument above that z b = 2z f in the ferromagnetic case. In the antiferromagnetic case, the fixed point presented in [21] is for N f = 1 while the diagrammatics are valid for N f ≫ 1, so we cannot directly assess whether they agree or not. The extension of the antiferromagnetic fRG analysis to the N f ≫ 1 case will result in changes to the anomalous dimensions at the fixed point; carrying out this work would provide a useful benchmark of fRG against other methods.
